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Statesuminvariantsof three-manifolds:
A combinatorialapproachto

topologicalquantumfield theories

M. Karowski andR. Schrader2
Institutfür TheoretischePhysik, Freie UniversitätBerlin, Germany

TheconstructionofTuraevandViro involvingquantum6j-symbolsandgiving riseto invar-
iantsof closed,compactthree-manifoldsis extended.It leadsto invariantsof colouredgraphs
on theboundaryofcompactthree-manifolds.This allowsoneto derivesurgeryformulaswhen
cuttingalonganarbitrarytwo-manifold.In particularall axiomsof atopologicalquantumfield
theorymay beverified and thedimensionsof the associatedHilbert spacesaregiven by the
squareofthe Verlindeformula.
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Statisticsis oneof thecentralconceptsin manybody quantumsystems.Con-
sider a system of two identical particles locatedat x1 and x2 in P” with a
Schrodingerwave function çti(x1, x2). Underthe exchangeof theparticleswith
thesecoordinatesBose or Fermi statisticsholds if ~(x2, x1) = ±W(xi, x2). Lei-
naasandMyrheim [LM] were thefirst to realizethatthis solutionis notthe only
possibleone.

For a quick introduction into the problemconsiderthe classicalgeometric
space—timedescriptionshownin fig. 1 of the exchangeof the positionfor two
identicalparticles.Thisclassicalpictureshouldreflect itself in two quantumme-
chanicaltransformationlaws,

~(x2,x1)=R~~(x1,x2)

with R beingthe so-calledstatisticsoperator.The problemariseswhetherthere
aresituationswith R~ R— For relativistic systemsthe questionhasbeenan-
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Fig. 1. Two possiblewaysto exchangetwo particles.

swerednegativelyby Doplicher,HaagandRoberts [DHR] for all spacedimen-
sionsd>~3. Thenthe statisticsis alwaysgivenby thepermutationgroup.In d< 3,
however,the situationisentirelydifferentandonehasthepossibilitythatR� ±1
leadingto theorieswith braidgroupstatistics.

At the momentsuchtheoriesarenot in avery good shape,eventhe theoryof
so-called“free particles” is not verywell understood.This raisesthe problemof
finding agood startingpoint for low dimensionalquantumfield theorieswith
braid groupstatistics.A structuralanalysismaybe carriedout in the contextof
conformalquantumfield theories(see,e.g.,refs. [TK, R, RS]) andin algebraic
quantumfield theory (see,e.g.,refs. [F, FRS] andthereferencesquotedtherein).
A first stepin aconstructiveapproachmaybe providedby topologicalquantum
field theories.

In fact, such theoriesexhibit no dynamicsandevenno kinematicsbut they
containall the structureneededto understandthe main effectsof braid group
statistics.Thus oneonly hasto work within thecontextof linearalgebrain finite
dimensionalspaces.We briefly review the set-upof topologicalquantumfield
theory [At] in itscontextto statisticalphysics.Imaginewehaveacompactthree-
manifoldM (e.g.,M=S3,EXS’, Ea compacttwo-manifold).We imaginethere
is a partition functiongivenin termsof weights W(c) associatedto certaincon-
figurationsc,

Z(M)=~W(c). (1)

IfMis cutalongtwo-surfaces£, X’, E”, etc. (seefig. 2), wecan write

= S2 etc.

= 53 etc.

Fig. 2. Cutting amanifoldM along1. ~‘, etc.
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Z(M)=trace(...rz’...) , (2)

wherethe matrix productis takenwith respectto vectorspacesV’ suchthatthe
transfermatrix t becomesa lineartransformationbetweensuchspaces.Thetyp-
ical situationfor atopologicalquantumfield theory (i.e. atheorywithno dynam-
ics) is that V’ is finite dimensionaland the weightsareessentiallytrivial such
that the transfermatrix z becomesidempotentin the caseE~X’.Nevertheless,
for nontrivialM andL~oneobtainsanontrivial partitionfunctionZ encodedin
nontrivialbehaviouroft.

Thefirst examplegivenwasthe Chern—Simonstheory for afixed gaugegroup
in threedimensions.Thiswas discussedby Witten [WI in termsof a functional
integral overthe moduli spaceof all flat connectionson the compactoriented
manifoldMm theform

Zcs(M)=Jf~AexpiJtr(AAdA+~AAAAA) (3)

with a vanishingHamiltonian,i.e. without dynamics.Z~is thenalmosttrivial
suchthat V~S2is onedimensional.The expectationvaluesof Wilson loopsin
this theory,on the otherhand,giverise to the knot invariantsof Jones [J] and
braidgrouprepresentations.FurthermoreRiemannsurfaceswith n puncturesX,,
describeexternalsourcessuchthatthe spacesV’-” arethe associatedstatespaces
for n nonmovingparticlesobeyingbraid groupstatistics.Thesespaces are
analogousto Hilbert spacesassociatedto internalsymmetries(like isospin).

Nowthereisamodelofatopologicalquantumfield theoryinventedby Turaev
andViro [TV] which is definedcombinatorially.Thusoneis no longer depen-
denton difficulties which arisewhen one triesto give a rigorousdefinition of
functional integrals.This theory is actually the absolutesquareof the Chern—
Simonstheory [T]. It isbasedon the6j-symbolsof thequantumgroupSlq(2,C)
with q=expiir/r (r~3). Meanwhilethis approachhasbeenextendedto other
quantizedversionsof classicalcompactsemisimpleLie groups (see,e.g., refs.
[DJN1, DJN2]). Fordefiniteness,however,weshallstickto the Slq(2, C) case.

Forgiven r andhenceq one restrictsattentionto representations~r
1(j=0, ~,

~r—1). Undertensorproductsonehasadecomposition(see,e.g.,ref. [RT])

® ir1 = irk ~bad representations, (4)
k:t,j~=I

where

~ Ji ifi~j+k,j~k+i,k~i+j,r—2~i+j+ke7L,

,jk= To otherwise.
Thecouplingscheme(4) gives rise to Clebsch—Gordancoefficients,graphically
representedby three-vertices,
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Mi

As in the classicalcasethe quantum6j-symbolsdescribethe rearrangement
(= associativity)of thecoupling

i~~l ~ ~ (6)

m m

Here

W~=(_l)2~(2fl+l)q, (7)

with

XqSifl(irX/r)/Sin(7C/r) (8)

such that (2n+ 1 )q is the so-calledq-dimensionof the representationir,,. The

weightswI satisfythe sumrule
W~W1= ~ ~ (9)

k

reflectingrelation (4). The classicalorthogonalityand Biedenharn—Elliotrela-
tions persistin theq-deformedcase,

‘ m ô,jk
1~5/mkWk2ôkk~, (10)

2 ~ j k i m n j 1 n — 1 1 k k I m (llc)~WfllDCADCB_BACDAB.

To thelastrelationweassociatethepicturein fig. 3.
In addition,by aconvenientchoiceof phasefactorsonehasthe following sym-

metryrelations:

ijkj ikik jimn 12
Imn~mlnlnm~ljk~
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Fig. 3. A tetrahedronrepresentingtheBiedenharn—Elliotrelation.

Theoriginal constructionof TuraevandViro wascarriedout for thecase9M= 0
andgoesasfollows. LetX beatriangulationofM with (nonoriented)i-simplices
a’ (0~i~3).ForgivenXdefineastatesum

Z(X)= ~ W(X)(j). (13)

Herej denotesaconfigurationin thesenseof statisticalphysicsandis given asa
colouringof the one-simplicesa1,i.e. as amapa’ i—~.j(a1)e{0,~,..., ~r—l}. Fora
givenconfigurationtheweights W(X)(j) aregivenas follows. Let

w2=~w~’. (14)

First we associateelementaryweightsto the i-simplices(i~2),

0a eX:w -

a’eX:wJ(a1)

3 . . — j(a~) j(a~) j(a~)a EX.(63)(a ) — 1 . (15)
- J(a4) J(a~)J(a6)

Herea~(v= 1, ..., 6) arethe one-simplicesin the boundaryof a3 suchthata~
and~ (v= 1, 2, 3) arepairwiseoppositeto eachother.Dueto the symmetry
(12), (15) is a well definedprescription.Now W(X)(j) is given in termsof
theselocalweightfactorsas

W(X)(j)= fl w~ fl wJ(Cl) fl (6j)(a~). (16)
~O~x a’~X a3EX

Themain result in ref. [TV] is nowthe following.

Theorem [TV]. Z(X) is independentoftheparticularchoiceofthetriangulation
Xof Mgivingrise to a well defined quantityZ(M) for closedmanifolds.

In collaborationwith W. MUller [KMS] we extendedthe aboveconstruction
to includethecaseofmanifoldsMwith nonemptyboundary.Thisgeneralization
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alsoallows for a simplified proofofthistheoremandgoesasfollows. Foragiven
triangulationX of M inducinga triangulation9X of 9M we definedadditional
configurationsJascolouringsoftheverticesa°in oX, i.e. J: a°i-*J(a°)(a°eOX).
This givesrise to the following additionallocal weightson the two-simplicesa2
containedin OX,

2~_ j(aI) j(a~) j(a~)‘ J(a~) J(a
2

0) J(a~)

wherea~(1 ~ ii ~ 3) aretheone-simplicesin 0a2anda~(1 ~ v ~ 3) arethezero-
simplicesin 8a2oppositeto at,.

WethenreplaceW(X) (j) by

W(X)(j,J)=W(X)(j) fl (6j,J)(a~)~fl wJ(70) . (17)

Accordinglythe statesumis nowgivenas

~ W(X)(j,J) (18)
J,J

andwehavethe following extensionof theprevioustheorem.

Theorem [KMS]. ThestatesumZ(X) is independentoftheparticular choiceof
thetriangulationXofM givingrise to a well definedquantityZ(M) for arbitrary
compactthree-manifoldsM.

We briefly indicatethe proof. First oneshowsinvarianceof Z(X) underlocal
isotopiesof theboundaryOX. Thuslet a3eXbeathree-simplexsuchthat 0a3has
two two-simplices,sayal, a~,in commonwith OX. If we removea3 from X we
obtainX’ =X\ a3suchthata anda~arereplacedby thetwo otherone-simplices
in 0a3 (seefig. 3). Inspectionof (18) in combinationwith relation(11c) shows
thatZ(X)=Z(X’) holds. In casea3 hask one-simplices(k= 1, 3) in common
with OXoneusestherelations

i j k i n m ~, 2 j I k k 1 m I n 1 llb
im n DA C_~WBBA C DAB DB c’

22~2ijk inmj lnkml
m n DA CD CB D B A

=w2~ ~ ~, (lid)

whichfollows from theBiedenharn—Elliotandtheorthogonalityrelations.Invar-
ianceunder local subdivisionsof X (like for exampleAlexandermoves [A])
nearOXis now easilyestablished.In fact, onefirst useslocal isotopyinvariance



M. Karowski, R.Schrader/Statesuminvariantsofthree-manifolds 187

of the statesumto removethosea3 wherethe local subdivisionis supposedto
takeplace.Thestatesumisthentrivially invariantundersuchlocalsubdivisions.
Thenoneusesagainlocal isotopyinvariancein the oppositedirectionby adding
the new a3‘s again.To prove invarianceunderlocal subdivisionsin the interior
of OX, we first usethe relation [provedanalogouslyto (11b) and(lid)]

i j k — —2 2 2 2 2
_w ~ WAWBWCWD

~ m n A,B,C,D

ijkklmjnl imn 11
XBA C DAB DB CD CA (a)

to removea three-simplexfrom the interiorcreatinga holewith boundary S2
changingthestatesumby afactorw — 2~Thisholemaybeenlargedby theprevious
argumentwithout changingthe statesum. Thisholemaybechosenso largethat
thelocal subdivisiontakesplacewithin thishole.The previousargumentsmay
beusedagainsuch that in theendthe hole is filled again,proving the theorem.
Relations(ii a—d) maybeviewedasalocalStokestheoremfor thepresentcon-
text. Invarianceundersubdivisionsmaybejustviewedasrenormalizationgroup
invarianceof this theory, somethingto be expectedof a theory with trivial
dynamics.

Therelation [establishedin analogyto (11a, b, d)]

22222 222221 3 1 n m~ wiwjwkw/wmwnwAwBwcwD,
i,j,k,1,m,n ~ m n
A.B,C,D

fin km ii kj ~
X D C B D B A B C A =w (lie)

in particularstatesthat

Z(D3)=l,

while (ha) leadsto

Z(M\D3)=w2Z(M) (D3cintM) (19)

suchthatin particular

Z(53)=l/w2 (20)

holds.

By similarargumentsit iseasyto establishthatZ (S2x S’) = 1 suchthatwith
dim Vr=Z(2X51) (21)

onehas

dim Vs2=l (22)
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for the associatedtopologicalquantumfield theory.More generally,if M is cut
by an S2 into two disjoint manifoldsM

1 andM2, the relation

Z(M)=w
2Z(M

1)Z(M2) (23)

is valid in accordancewith (22).
The questionariseswhat happensif Mis cut into two piecesby ageneraltwo-

manifoldI. TuraevandViro suggestedthe following procedure.For generalM
with triangulationX inducingatriangulationOXof OM let

~ W(x)(J) (24)
Wrt ~ax=~

with

W 1~~Jwj(al). (25)
a

1 caX

Thenby definition

Z(X,Uaxiax,X
2) ~ Wc,Za(Xi)Za(X2). (26)

This formulation,however,is triangulationdependentandnot well suited for
practicalpurposes.

The following is atriangulationindependentformulationwith potentially in-
terestingapplications.Let M1 and M2 be orientablesuch that Ec 8M2 and

~ OM~.Thenthefollowing relationis valid:

Z(M1UrM2) ~ W~Z(Mi,Gf*)G(M,,G~). (27)

Here G~is a certaincolouredgraph,called a canonicalgraphon Ewith colours
x,E{O, ~, ..., ~r— l} associatedto maximal intervals1, on the graph, such that
J’V~=H,w~,.Z(M2, G~)is thenageneralizationof the statesumZ(M2), which
is invariantunderhomotopiesof thegraphonE. If, for example,E=51xS

1 then
this canonicalgraphhastheform depictedin fig. 4.

ForgeneralEof genusg>~the graphGf carries6g—3 coloursandhasthegeo-
metric form shownin fig. 5 in thestandardpolygon descriptionofE.

Moreoverthematrix

1~,~=Z(ExI,GfuG~*) (28)

Fig. 4. Thecanonicalgraphfor thetorus 5’ xS’.
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•~X29±ixie~1

Fig. 5. The canonicalgraph GI~t.

(us theunit interval) is idempotentin thesensethat

1L= ~ W~1~1~ (29)

holds.In otherwords,this isthe unit operatorin Vr suchthatby (27)

dim V~=tr1~=Z(EXS’). (30)

This maybe explicitly evaluatedin the casethat ~ is connectedof genusg
andoneobtainsthesquareofthe Verlindeformula [V],

g—l 2

dim V~=[tr(~N~1N~h1)] , (31)

where

va S 2
bc abc

is the fusionmatrix associatedto (4).
We briefly indicatefurthergeneralizationscarriedout in ref. [KS]. First one

may introduce statesumsof colouredframed links in M satisfyingthe usual
braidingrelationsfor SLq(2,C).

Secondlyonemaydefinestatesumsinvolvingwhatwecall left andrighthanded,
colouredpuncturedRiemannsurfacesE,,b- [a= (a

1, ..., a,,),b= (E1, ..., b~)]such
that relation(31) generalizesto

dim V
4~=Z(E~xS’)

g— I

~ ]
g— I

Xtr[N.N&(~NaNa) I
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Finally we mentionthatthe spacesyE and V’~(whereE* hasorientationop-
positeto E) are dual to eachother. Also thereis an antilinearmap t: Vx._~V~
suchthat (i) theinducedhermitianscalarproducton yE is positivedefiniteand
(ii) tv(M)=v(M*) for OM=X, where v(M)E yE is the statecorrespondingto
M. This lastrelationistheanalogueof reflectionpositivity in euclideanquantum
field theories[OS].
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